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You do not need to justify your reasoning for questions on this page.
1. (6 points) Circle true if the statement is true, otherwise, circle false.
(a) A product of invertible matrices is also invertible.
true false

(b) Regardless what A and b are, there is always at least one least-squares solution Z to
AZ = b. Assume A is mxn and b is in R*m so that Ax=b is defined.

true false
(c) If A%y =b, and A7 =0, then Z = 7, — 57 is a solution to AZ = b.
true false
(d) An example of a quadratic form is the polynomial 722 + 523 — 10212 + 5.
true false
(e) If a matrix is invertible then it is also diagonalizable.
true false
(f) A n x n matrix A and its echelon form F have the same eigenvalues.

true false

2. (6 points) Circle possible if the set of conditions are create a situation that is possible,
otherwise, circle impossible.

(a) The columns of matrix A are linearly independent, and NullA” is not trivial.
possible impossible

(b) Aisn xn, X € R is an eigenvalue of A, and dim(Col(A — \I)+) = 0.
possible impossible

(c) Stochastic matrix P has zero entries and is regular.
possible impossible

(d) A is a square matrix that is not diagonalizable, but A? is diagonalizable.
possible impossible

(e) Ais5 x4, AT = b has three free variables, and dim(Row(A)*) = 3.
possible impossible

(f) A m x n matrix A has linear transformation 7. The map T4 can be one-to-one but not
onto.

possible impossible


Barone, Salvador P
Assume A is mxn and b is in R^m so that Ax=b is defined. 
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You do not need to explain your reasoning for questions on this page.

3. (8 points) If possible, give an example of the following. If it is not possible, write “not
possible”.

(a) A matrix that is 2 x 4, in reduced echelon form, with the dimension of column space
being 3, and dimension of null space is 1.

(b) A 3 x 4 matrix with orthonormal columns.

(c) A 3 x 2 matrix A in reduced echelon form so that ATA = ((1) (1)>

(d) A stochastic matrix for the Markov Chain below.
0.9

0.3

(e) A 2 x 2 matrix whose column space is the line 2z, + x5 = 0, and whose null space is the

line 421 — 29 = 0.
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4. (10 points) A has exactly two distinct eigenvalues, which are —2, and 1.
1 -1
0 1
1 0

0
A= 1
-1

(a) Construct an eigenbasis for eigenvalue A = —2.

(b) Construct an eigenbasis for eigenvalue A = 1.

(c) If possible, construct matrices P and D such that A = PDP?, and P is a matrix with
orthonormal columns and D is a diagonal matrix.
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5. (10 points) Construct the singular value decomposition of A = (
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6. (6 points) Circle true if the statement is true, otherwise, circle false. You do not need to
explain your reasoning.

(a) For any n x n matrix A, and non-zero vectors x and y with Az = 2z and Ay = 3y, then
x and y are orthogonal.

true false

(b) A n x n matrix A and AT have the same eigenvectors.
true false

(c) For two matrices A, B, if the product AB is defined, then (AB)T = AT BT.
true false

(d) If ¥,y € R™, then the span of {Z,y} is equal to the span of {7, ¥ — y}.
true false

(e) This is a subspace of R*: H={Z € R%: 2y — 29 + 23 =1}
true false

(f) For any matrix A, if z € ColA, and y € Null4, then 27y = 0.

true false

7. (4 points) Circle possible if the set of conditions are create a situation that is possible,
otherwise, circle impossible. You don’t need to explain your reasoning.

(a) Matrix A is 5 x 10, b € R, and Az = b has a unique solution.
possible impossible

(b) Matrix A has echelon form F, and NullA # Null£.
possible impossible

(c) Matrix A has a null space of dimension 1, and the linear transformation 74 is one to one.
possible impossible

(d) Matrix A is 3 x 4 and has orthonormal columns.

possible impossible
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You do not need to explain your reasoning for questions on this page.

8. (4 points) H={7 € R* : z; = bxy}.
(a) Write down a basis for H.

(b) Write down a basis for H+.

9. (4 points) Fill in the blanks.

(a) Complete the matrix below so that the least squares solution to Az = b does not have a

unique solution
1

)o- (¢

1 1

(b) For the system below, give an example of a choice of vector b for which the system is
inconsistent.

2
0
4

oo w
8y
Il
Sl
I

(c) The dimension of the subspace of R* spanned by the vectors below is

1 1 0
2 0 —2
317 01’ -3
4 4 0

2

(d) fA = (61 do ) has QR factorization QR = (q_'l @) (0

;1) , the length of @y is
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You do not need to justify your reasoning for questions on this page.

10. (4 points) Below is a SVD factorization for a matrix A = UXVT | where

U:[Ul U9 u3],E: ,V:[Ul Vg VU3 V4 ’U5:|

S O Ot
S NN O
N OO
o O O
o O O

Fill in the blanks.

(a) What is the rank of A?
(b) What is the largest value of ||AZ]|, subject to ||Z|| = 17

(c) List an orthonormal basis for NullA.

(d) List an orthonormal basis for ColA.

11. (6 points) If possible, give an example of the following. If it is not possible, write “not
possible”.

(a) A matrix, A, that is in echelon form, and

dim ((Row(A))*) =3,  dim ((col(A»i) —1

(b) A 2 x 2 matrix in RREF, is diagonalizable, and is singular.

(¢) A 2 x 3 matrix, A, in RREF, and Null(A) is spanned by v = | 4
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12. (4 points) Calculate the least squares solution, Z, to the equation below. Don’t forget to show

your work.
1 1 0 0
0 1 1 1 1 )
o 1 -1 |{®™] 1o v
11 0 3 0




Math 1554, Sample Final C. Your initials:

13. (2 points) What is the symmetric matrix A associated to the quadratic form below.

2 2 2
x] — 925 — x5 + 167123

14. (2 points) S is the parallelogram determined by o, = (_22>, and U = (?) If A=

<411 g), what is the area of the image of S under the map ¥ — AZ? Justify your reasoning.

b
15. (4 points) For what values of b = | by | is the system below consistent? Express your answer
bs

using parametric vector form. Justify your reasoning.

0 4 by
13 (‘”1>: by
9 9 ) \72 by



Math 1554, Sample Final C. Your initials:

16. (5 points) Consider the sequence of row operations that reduce matrix A to the identity.

-1 2 0 1 00 1 00 1 00 1 00
A= 1 00|~ -120|~(102O0]~1020]~101T0]|=1I3
0 4 1 0 4 1 0 41 0 01 0 01
X n EQEA EgEgrE‘1A E4E3EE1A

(i) Construct the four elementary matrices Ey, Es, E3, and Ej.

(ii) Consider the matrix products listed below. Which (if any) represents A, and which (if
any) represents A~1?

(a) Ey'Ey By EL
(b) FE.EsEyEy
(c) E\EyE3E,
(d) B, By Ey BT

17. (5 points) Let A = <(2) i’)

(i) State the eigenvalues and eigenspaces of A.

(ii) Draw the eigenspaces of A and label them with the corresponding eigenvalue.

(a) eigenspaces
T2

T
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18. (4 points) If A is a matrix with independent columns, explain step by step how to find the
QR factorization of A.

19. (3 points) Let m > n. Can n vectors span R™? Explain your reasoning.

20. (3 points) Let A be an m x n matrix. Explain why the matrix AT A has non-negative eigen-
values.



SoLuTi oN §

Your initials:

You do not need to explain your reasoning for questions on this page.

1. (6 points) Circle true if the statement is true, otherwise, circle false.

(a) A product of invertible matrices is also invertible.

@ false

(b) Regardless what A and b are, there is always at least one least-squares

solution # to A% = b.
false

(c) If A% = b, and A7 =0, then ¥ = &, — 57 is a solution to AT = b.

@ false

(d) An example of a quadratic form is the polynomial 7z2 + 5z% — 10z1z2 + 2.
1 2

true @

(e) If a matrix is invertible then it is also diagonalizable.

true { false )

(f) A n x n matrix A and its echelon form F have the same eigenvalues.

true ‘ false )

2. (6 points) Circle possible if the set of conditions are create a situation that is
possible, otherwise, circle impossible.

(a) The columns of matrix A are linearly independent, and NullA7 is not trivial.

) 0
impossible  ¢q A= (3;)
(b) Aisn X n, A € R is an eigenvalue of A, and dim(Col(A — AI)*) = 0.

possible ( impossible )

(c) Stochastic matrix P has zero entries and is regular.

b

possible impossible

(d) A is a square matrix that is not diagonalizable, but A? is diagonalizable.

(_ possible) impossible A= ( o0 s A= Ouia
(e) Ais b5 x4, AT = b has three free variables, and dim(Row(A)*) = 3.

possible impossible

(f) A m x n matrix A has linear transformation T4. The map T4 can be

one-to-one but not onto. |0
. . \
possible impossible ( %O)



You do not need to explain your reasoning for questions on this page.

3. (8 points) If possible, give an example of the following. If it is not possible, write
“not possible”.

(a) A matrix that is 2 x 4, in reduced echelon form, with the dimension of
column space being 3, and dimension of null space is 1.

@ net \msil:l‘-

(b) A 3 x 4 matrix with orthonormal columns.

fot oss:ue,
() e

(c) A 3 x 2 matrix A in reduced echelon form so that ATA = (1 0).

0 1
3 A= ( 05 O 3er and RaeF
ol @ ()
for k= (o.) ove | pont out of Z.
(d) A stochastic matrix for the Markov Chain belo 4 L

0.9 ( '3 814 /
o.1<:®/_\‘ a2 a3
@ 1 e 3 -1 '7 @ 1x Ol'lffc%m‘f‘
P~ (a ‘,(> or P: Qe
o @ C"f@f/’amw%
/—for P= (;%) °f P=('.,, z) g ive /ou‘fo/:l)

(e) A 2x 2 matrix whose column space is the line 2z, + x5 = 0, and whose null
space is the line 4z; — 25 = 0.

(7;) k= spanf (1S = 5 pun § (fé)}

5 k= (s’ n) 0 GIA correct

@ k)u“ A (orrcﬁ'

\)Uf\' A: ('!L -L') :SOL)IT“) Zera ’m»l"fti ‘Fm‘ ‘Q L) Mq“’f‘)‘ or Ma‘l‘f'}
N with ta. wlcp Co(UMD\_S) or (, q,)



4. (10 points) A has exactly two distinct eigenvalues, which are —2, and 1.

0 -1
A=1| 1 1
-1 0

(a) Construct an eigenbasis for eigenvalue A = —2.
- I - 2 { 0-
@ (Faf)~ (23] (007
114 } -l .
/
=) "\?. = (ol } @ show w"/() awl APEL

! @ angwér
(b) Construct an eigenbasis for eigenvalue A = 1.

; - 1 -l [ N | .
A - (-H)l = (:t -l\ _l|)~( ) @ :Awr WMLI A“I
= ’\73: { 7\[)"- -1 @ el]wc{vd
. 3 "’ »

—Q

' 3
)

(c) If possible, construct matrices P and D such that A= PDPT, and P is a

matrix with columns, O 'is o’fajma'.
Or Hans (g :
e —

N - V. ¥ -1 | -1
AmoT oV, = a3 2 o) = :.'..(, :/“/z Geam
? ? V, Ve Ve (l) * °) | 'h'f ' @ Schutol T
\ ~{
Can tse ,‘ﬁ( "
s e
- )t R VA
‘e *Rg
-1
D - ( () Jingmal 343

| 0 eicaens Mq{'(l\
(for dictance (L-"}\ sotwl') evams, SP‘;A+JUD\ (;) & P21l an D=z A,.J

@ nocma (i%in

@ a(““ﬂﬂﬁﬂu( le(r;’f
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5. (10 points) Construct the singular value decomposition of A = ((1) (1) (1))

VRIS HE (; : :,) 0 cornd
| e |

® eiacnwla‘uas of ATA are L:) ;”If""k"‘g A= 0J | L2 @ all comet

o o ’ ) ) £ is 2
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A t(ﬂ'fl’r(y .

=7 430{5\/7/
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6. (6 points) Circle true if the statement is true, otherwise, circle false. You do
not need to explain your reasoning.

(a) For any n x n matrix A, and non-zero vectors and y with Az = 2z and
Ay = 3y, then z and y are orthogonal.

true alse

(b) A n x n matrix A and AT have the same eigenvectors.

true { false )

(c) For two matrices A, B, if the product AB is defined, then (AB)T = ATBT.

true ( false )

(d) If 7,7 € R™, then the span of {Z,y} is equal to the span of {Z,Z — ¥}

(e) This is a subspace of R®: H={T€R*: 2, — 12+ 23 = 1}
true false

5

(f) For any matrix A, if z € ColA, and y € Null4, then z7y = 0.

true

y

7. (4 points) Circle possible if the set of conditions are create a situation that is
possible, otherwise, circle impossible. You don’t need to explain your reasoning.

(a) Matrix A is 5 x 10, b € R®, and Az = b has a unique solution.

possible impossible

!

(b) Matrix A has echelon form E, and NullA # NullE.

|

possible impossible

(c) Matrix A has a null space of dimension 1, and the linear transformation T4
is one to one.

!

possible impossible
(d) Matrix A is 3 x 4 and has orthonormal columns.

possible impossible

{



T2 Tel
S ' (%)-F., M ael /J

5 shodad wibs
( (g 'FN' > E.Erk
You do not need to explain your reasoning for questions on this page.
8. (4 points) H = {Z € R* : z; = bz4}.
(a) Write down a basis for H.
S sk sk @ a vectnr ot
° \ ot n H
o |9 6 ]9 |
\

k k / COI‘/‘-e,c+ ewer 7%7;
CS“‘VAM“' Can f(‘ l“"o Lc an 1“1)' Mof,' M—, pse I(:(y 0 y .j

b) Write down a basis for H-. It

|
@ 2 @ endl}o e :e:-fm in R

-6 correc eve r _’1/[“)'
/Can a/.ra Uge ( )ﬁ ‘7 j

9. (4 points) Fill in the blanks.

(a) Complete the matrix below so that the least squares solution to Az = b
does not have a unique solution

| 4
l 1 - | (2 _ A most have
k (b) (1) \murlb Aep“d%+

(Jtuhhj

lé ‘( £an L& Q RV%)
b) Per the system belo ive/an example of a choice of vector b for which the
system is inconsistent

*
@ (2) g g=b=| 1 |« tat elemert most

¥ = does act w—ffﬁj 46 X :'-Ct be fllul + 0
0

(c) The dimension of the subspace of R* spanned by the vectors below is _Z-

1 0
0 -2
b 0 1 _3
4 0

> W N

(d) f A= (& &) has QR factorization QR = (@i &) (3 3) the length

@ ofdyis S



o)

You do not need to explain your reasoning for questions on this page.

10. (4 points) Below is a SVD factorization for a matrix A = ULV7, where

5 0000
U=[ih i @), Z=10 200 0|, V=[0, % % @ o
00200
Fill in the blanks.
@ (a) What is the rank of A? _ 2
@ (b) What is the largest value of ||AZ]|, subject to ||Z]| = 1?7 _E__ ho Aa/?
@ (c) List an orthonormal basis for NullA. Vy 9 Vs {o 04717‘_5

-

2

®

©

(d) List an orthonormal basis for ColA. ___ W, e Uw5 U3

11. (6 points) If possible, give an example of the following. If it is not possible, write
“not possible”.

(a) A matrix, A, that is in echelon form, and ColA L - Nl AT

dim (Row(4))*) =3,  dim ((Col(A))‘L) =1
L1y
(‘OOO) OY (OOO) Ior (0;00)
o0 00 b
t ooD)
ot 00 oo'\v 006| ol oo
oy (oooa)’(voob)J (0000) 9 (000(‘)0 Jrr e

(b) A 2 x 2 matrix in RREF, is diagonalizable, and is singular.
(] oo
'H-L onf.ﬁ af(ec+ arsweyrs afd (oa)) oo)

( ol ' aol di sl ;
00) 11 sl dugmalizslle , give | f,,,'.,-}' s
(c) A 2 x 3 matrix, A, in RREF, and Null(A) is spanned by 7= | 4 |.

1
(‘03 @RREszG

6 | -4
@ +wo fc'\o‘h onl
T € Null A

. / P e -3
( | g { t ¢ Y §
gdmron  ef (o \ 01 4\-)} we @ pe
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12. (4 points) Calculate the least squares solution, £, to the equation below. Don’t
forget to show your work.

a4y Oxn 0y

1 1 0 0 °
_ 0 1 1 I _ 1 B ‘ﬁr §"u0‘°n+3
Ax=b=|0o 1 2 =1%o = dov '+
3
S : w )] ) actally e
MeTren £ 4 | to £l this out
C)(umns ace o€ L\”‘Y"" C e R
e T Oy e
o b o= gl ¥ 20 a ¢ ‘ay T’T’~
Pr‘)a" a;-a qpfy ) oy iy a3 @ :/j; caecect
0

grw/uo‘{)
- + —l-- _L .--L ] -
= 0 Q, q_ Q‘L 2 3 ﬂd@fém

(v
=7 /-)\( = (\h‘.) y c.orfe(\(‘ ans-

Y2

JULNA
7 /g: 4 /)or.»u/
AAx = A @ €;H¢7(ﬂhj c.armc‘/"
] o0 - A BN ] _'% - (/, o 6 =~/ 6 >
2 2 7 e 1 1) ] - .
(ol -1 o) g ; .’, 9 1+l ¢ o (y Jlléﬁln‘/u‘[[,}ﬁ
/16 @,

Fagink, ,

)2 (7) ).
&\90966“ ane cocrect
. /12) |
A

peTeo 3 2 @R T olowbt momy studoits will QR /F.
M

ll/
x
)

METvob 174 (oW mt{«cfnj Ax=b sheuld ,eT 2e o 'o.in‘f,;.
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13. (2 points) What is the symmetric matrix A associated to the quadratic form
" below.
2 2 _ .2

z7 — 9z5 — 73 + 167,23

I O 8 @ main ooy me! elomeats of [ coctil”

= e -9
A g 3 ._bl @ 0# /fa? e/omu'/: 0// (cmu'/

13
If A= 4 9

Justify your reasoning.

acea oF S under Yap © /o/e‘f/} /"f( }/‘/’/0‘l/= 20

or a/ev‘(A (—t:)/ //Qf'( /‘

A'l& (4 points) For what values of b= (b2 ) is the system below consistent? Express
bs

your answer using parametric vector form. Justify your reasoning.

), what is the area of the image of S under the map Z — AZ?

o 4 b1
IL‘l —
6] ‘(‘/ by 62
| 3 ba 6/
Y. 53'2‘ o o 5 ’152."’5
Koo, rony i
| 'o "“"‘“nmm s
N 4,26 +4, =0 - = Qe ko W Sy
) . Stnﬁhw
QrameT¥ &
:t> V‘C"%ﬂ’ 0 Cnm
cocreeT
Som& Ths 0'08:»\34'
-(—ua(en‘l’-‘ 2nswta -H.«e.
J ‘H“S gwt 't M 1

twe eou



Solutions

16) Consider the sequence of row operations that reduce matrix A to the identity.

-1 2 0 1 00 1 00 1 00 1 00
A= 1 00]~]-120]~102C0]~10220)]~1010]=I
0 4 1 0 4 1 0 4 1 0 01 0 01
A Er A EaEr A Fs By Ey A FaEsFa A

(i) Construct the four elementary matrices Ey, Es, E3, and Ej.

010 1 00 1 0 0
BE=(100].B,=[1 10|, EB=(0050
0 01 0 01 0 0 1

(ii) Consider the matrix products listed below. Which (if any) represents A, and which (if

any) represents A~'?
i. B'EyESTE?
ii. E4FE3FEyE

ii. EiFEoFsEy

iv. B, E; B TR

A=FE'E;'E;'EY and A7 = B E3EL B

2 3
17) Let A = (0 1).

(i) State the eigenvalues and eigenspaces of A.
)\1 - 2, )\2 - 1

A1-eigenspace is Span{ ( (1) ) }, Ag-eigenspace is Span{ < _31 ) }

(ii) Draw the eigenspaces of A and label them with the corresponding eigenvalue.

Ai-eigenspace

Ao-eigenspace




18) To create (), Gram-Schmidt vectors, normalize each vector so they all have unit length, place
vectors into matrix. To create R, compute R = QT A.

19) Place vectors into a matrix. The matrix will be m x n. Because n < m, the matrix has at
most n pivots. The dimension of the column space of the matrix is at most n, which means
the vectors cannot span R™.

20) Let v; be an eigenvector of AATA
||AU]|| = A’Uj : AUj = UJTATAU]‘ = Ajl}j "V = /\jlle"AZ

Therefore all eigenvalues are positive or zero, but never negative.


Barone, Salvador P
A^TA

Barone, Salvador P
||vj||^2


